Abstract. An Okounkov body is a convex body in Euclidean space associated to a big divisor on a smooth projective variety with respect to an admissible flag. We introduce two different convex bodies associated to pseudoeffective divisors, called the valuative Okounkov bodies and limiting Okounkov bodies. As in the case with big divisors, these convex bodies reflect asymptotic properties of pseudoeffective divisors.
Introduction
For a divisor D on a smooth projective variety X of dimension n, one can associate a convex body ∆ Y• (D), called the Okounkov body of D, in the Euclidean space R n with respect to an admissible flag Y • . After the pioneering works by Lazarsfeld-Mustaţȃ ([LM] ) and KavehKhovanskii ([KK] ), motivated by earlier works by Okounkov ([O1] , [O2] ), the Okounkov bodies ∆ Y• (D) have received a considerable amount of attention in a variety of flavors. It is believed that this convex body carries rich information of the asymptotic invariants of D. For example, it was proven in [LM, Theorem A] that if D is big, then the Euclidean volume of ∆ Y• (D) in R n is equal to the volume vol(D) of D up to the constant n!. However, little is known about the Okounkov bodies for non-big pseudoeffective divisors. One of the annoying phenomena is that for a pseudoeffective divisor D which is not big, the associated convex body ∆ Y• (D) is not full dimensional in R n so that its Euclidean volume in R n is zero. Nevertheless, it is still tempting to study asymptotic properties of pseudoeffective divisors using the associated Okounkov bodies.
In this paper, we introduce and study two different convex bodies, the valuative Okounkov body Turning to the details, we first recall the construction of the Okounkov body of a big divisor which is equivalent to the ones given by Lazarsfeld-Mustaţȃ ([LM] ) and Kaveh-Khovanskii ([KK] ). Let D be a big divisor on a smooth projective variety X of dimension n. 
For convenience, we define dim(point) := 0 and vol R 0 (point) := 1 throughout the paper. We associate another convex body ∆ lim Y• (D) to a pseudoeffective divisor D which reflect the asymptotic and numerical properties of D. We can also extend the results of [LM, Proposition 4 .1] and [J, Theorem A] to the pseudoeffective divisor case using the limiting Okounkov bodies. Note that the following theorem does not hold for the valuative Okounkov bodies (see Remarks 3.13 and 3.16).
for every admissible flag Y • . We finally remark that Boucksom also defined and studied the limiting Okounkov body (the numerical Okounkov body in his terminology) in [B] . See Remark 3.24 for more details on his results. This paper is organized as follows. We start in Section 2 by collecting relevant basic facts on asymptotic base locus, augmented restricted volume, Nakayama subvariety, and positive volume subvariety. Section 3 is the main part of this paper. 
Preliminaries
In this section, we collect basic facts and introduce some notions used throughout the paper. First, we fix some notations. Throughout the paper, we work over the field C of complex numbers. For simplicity, a variety in this paper is assumed to be smooth, projective, reduced and irreducible, but a subvariety can be singular. By a divisor on a variety X, we always mean an R-divisor unless otherwise stated. A divisor D is called pseudoeffective if its numerical class [D] ∈ N 1 (X) R := N 1 (X) ⊗ R lies in Eff(X), the closure of the cone N 1 (X) R spanned by the classes of effective divisors. A divisor is called big if its numerical class lies in Big(X), the interior of Eff(X).
Asymptotic base locus.
Let D be a pseudoeffective divisor on a variety X. When D is a Q-divisor, we define the stable base locus of D as
where the intersection is taken over all positive integers m such that mD are Z-divisors, and Bs(mD) denotes the base locus of the linear system |mD|. The augmented base locus
where the intersection is taken over all ample divisors A such that D − A are Q-divisors. The restricted base locus B − (D) of D is defined as
where the union is taken over all ample divisors A such that D + A are Q-divisors. We have [La, Example 10.3.3] ). For more properties, we refer to [ELMNP1] . Let V ⊆ X be an irreducible subvariety of X. When D is big, we define the asymptotic valuation of V at D as
When D is only pseudoeffective, we define ord V (||D||) := lim ε→0+ ord V (||D + εA||) for some ample divisor A. This definition is independent of the choice of A, and the value σ num (D) depends only on the numerical class [D] ∈ N 1 (X) R . It is a birational invariant: for a birational morphism f : Y → X with the exceptional divisor E such that f (E) = V , we have ord V (||D||) = ord E (||f * (D)||) (see [BBP, Lemma 1.4] For more details on asymptotic valuations, see [ELMNP1] and [N] .
Augmented restricted volume.
To introduce the notion of the augmented restricted volume, we first recall the classical volume function and the restricted volume function. Let D be a Q-divisor on a variety X of dimension n. Recall that the volume of D is defined as
The volume vol X (D) depends only on the numerical class of D. Furthermore, this function uniquely extends to a continuous function
Let V be a v-dimensional subvariety of X. For the natural restriction map ϕ : where Big V (X) is the set of all R-divisor classes ξ such that V is not properly contained in any irreducible component of B + (ξ). Note that by letting V = X, we recover the usual volume function vol X|X (D) = vol X (D). For more details on the functions vol X and vol X|V , see [ELMNP2] , [La] , [Le] , etc.
By [ELMNP2, Theorem 5 
. Thus the functions vol X|V and vol X do not capture the subtle asymptotic properties of pseudoeffective divisors that are not big on V or X. In such situations, the following function seems useful. Definition 2.2. Let D be a pseudoeffective divisor on X, and V ⊆ X be a subvariety such that
where A is an ample divisor on X.
The definition is independent of the choice of A. As with vol X and vol X|V , one can check that the augmented restricted volume vol 
following inequalities hold by definition:
. Both inequalities can be strict in general.
Example 2.3. Let S be a relatively minimal rational elliptic surface, and H be an ample divisor on S. Take a general element V ∈ |kH| for a sufficiently large k > 0. Then
which is independent of k and H. However, one can see that vol
In this subsection, we introduce and study Nakayama subvarieties of divisors, which are closely related to the Iitaka dimension.
, let Φ mD : X P dim |⌊mD⌋| be the rational map defined by the linear system |⌊mD⌋|. We define the Iitaka dimension of D as the following value 
is injective (or equivalently, H 0 (X, I U ⊗ O X (⌊mD⌋)) = 0 where I U is an ideal sheaf of U in X) for every integer m ≥ 0.
By definition, U = X is the (unique) Nakayama subvariety of D if and only if D is big. More generally, Nakayama subvarieties have the following property.
Lemma 2.8. Let D be a divisor such that κ(D) ≥ 0, and U ⊆ X be its Nakayama subvariety. Then D| U is big.
Proof. By the definition of Nakayama subvariety, we have
for m ≫ 0, the assertion follows.
The following lemma guarantees the existence of Nakayama subvarieties. It also shows that a Nakayama subvariety is not unique in general.
Proof. Consider a dominant rational map ϕ m : X Z m induced by a complete linear series |⌊mD⌋| for any integer m > 0 such that |⌊mD⌋| = ∅. We have dim Z m ≤ κ(D) = dim U . Let f : Y → X be the blow-up at U with the exceptional divisor E. Since U ⊆ X is general, f * (⌊mD⌋) − kE is not effective for any k > 0. Thus H 0 (X, I U ⊗ O X (⌊mD⌋)) = 0, and hence, the assertion follows. 
Positive volume subvariety.
We introduce and study positive volume subvarieties of divisors, which are closely related to the numerical Iitaka dimension and the restricted volume. First, we review the numerical Iitaka dimension.
Definition 2.11. Let D be a divisor on a variety X. We define the numerical Iitaka dimension of D as the nonnegative integer
holds and the inequality is strict in general (see [Le, Example 6 [Le] and [N] for detailed properties of κ and κ ν .
The following theorem relates the numerical Iitaka dimension κ ν (D) and vol Example 2.14. Let S be a relatively minimal rational surface with a reducible singular fiber, and E a (−2)-curve in a singular fiber. Then E ⊆ B − (−K S ) but vol Let V be a smooth subvariety of a variety X. A birational morphism f : Y → X is said to be V -birational if V is not contained in the center of the f -exceptional locus. We denote by V the proper transform of V on Y . Then the pair (Y, V ) is called a V -birational model of X (see [Le, Definition 2.10 
]).
Proposition 2.16. Let V ⊆ X be a positive volume subvariety of a pseudoeffective divisor D on a variety X. If f : Y → X is a V -birational morphism, then V is also a positive volume subvariety of f * D. 
Since vol
The following proposition guarantees the existence of positive volume subvarieties. Proof. By Theorem 2.12, there exists a positive volume subvariety W of D. In particular, we have vol + X|W (D) > 0. We can take a sequence {H i } i∈Z ≥0 of ample divisors on X such that each D + H i is a Q-divisor and H i → 0 as i → ∞. For a large and sufficiently divisible integer k,
Thus by applying [ELMNP2, Theorem B] , we obtain
This immediately implies that vol
It is known that D| V is pseudoeffective for any subvariety V ⊆ X such that V ⊆ B − (D). Thus κ(D| V ) ≥ 0. Furthermore, we have the following. Theorem 2.18. Let V be a positive volume subvariety of a pseudoeffective divisor D on a variety
Proof. By taking a suitable V -birational model and considering Proposition 2.16, we may assume that V is smooth. We can take a sequence of ample divisors A i such that D + A i are Q-divisors and A i → 0 as i → ∞. Since V ⊆ X is a positive volume subvariety of D, there exists a constant C 0 such that for any large integer k > 0, we have lim sup
where m is taken over all positive integers such that m(
. Thus for any large integer k > 0, we also have lim sup
By the continuity of the volume function vol V , we get vol V (D| V ) > 0. Thus D| V is big on V .
Okounkov body of a pseudoeffective divisor
In this section, we introduce and study two Okounkov bodies
for a pseudoeffective divisor D on a smooth projective variety of dimension n.
Okounkov body ∆ Y• (D).
We first recall the construction of the Okounkov body of a big divisor D and a graded linear series W • associated to D from [LM] . We remark that the construction of ∆ Y• (D) in the introduction is equivalent to the one given below (see [KL] ).
Throughout this subsection, we fix an admissible flag Y • on a variety X of dimension n
where each Y i is an (n − i)-dimensional subvariety of X and it is nonsingular at x. We first assume that D is a big Cartier divisor on X. For a section
. Continuing this manner, we obtain the nonnegative integers ν i (s) for all 1 ≤ i ≤ n so that ν(s) ∈ Z n ≥0 . Each integer ν i = ν i (s) does not depend on the choice of the local equation f i chosen to define s ′ i and s i . Recall that a graded linear series 
Then Y k• is an admissible flag on a smooth projective variety Y k of dimension n − k. Thus for a Cartier divisor D on X, we can define the function
as we did above. Let
The k-th partial Okounkov body of a divisor D on X with respect to the k-th partial flag 
If W • is complete, i.e., W m = H 0 (X, O X (mD)) for all m ≥ 0 and D is big, then it automatically satisfies Condition (C). 
where
Note that [LM, Theorem 2.13 ] also requires Condition (A) ([LM, Definition 2.4]), but it is automatically satisfied since we always assume our variety X is projective. The smoothness assumption on X is not necessary for this theorem. 
Since the natural restriction map ϕ U is injective for each m, we may treat the function ν Y n−κ(D)• as defined on the sections s ∈ H 0 (X, O X (mD)) \ {0} by letting
Proposition 3.10. Let s ∈ H 0 (X, O X (mD)) \ {0}. Then under the settings as above, we have
Proof. By the definition of Nakayama subvariety, we have for all m ≥ 0
Thus we obtain ν k (s) = 0. This implies that
This shows the required equality. 
The following is the main property of ∆ val Y• (D). Theorem 3.12. Let D be a divisor such that κ(D) ≥ 0 on a smooth projective variety X, and fix an admissible flag Y • containing a Nakayama subvariety U of D such that Y n = {x} is a general point. Then we have
Proof. We first consider the case where D is a Cartier divisor. We see that ∆ val
for any integer m > 0. Thus we may assume that the constant m 0 in Remark 2.5 is equal to 1. In particular, h 0 (X, O X (mD)) > 0 for any integer m > 0. By Remark 3.11, we have ∆ val
. By the properties of a Nakayama subvariety, there exits an integer m 0 such that
for all m ≫ 0 (cf. Remark 2.5) and dim U = κ(D). Furthermore, Y n = {x} is assumed to be general. By [LM, Remark 2.8] and Theorem 3.5, we obtain the theorem. By the similar argument as in [LM] , we can easily extend the results to Q-or R-divisors. We leave the details to the interested readers. Proof. It is trivial.
Remark 3.16. The converse of Proposition 3.15 is false in general. For example, consider a minimal ruled surface f : S → C over a smooth projective curve of genus g ≥ 1. Let F 1 := f * P and F 2 := f * Q where P and Q are two distinct points on C. Note that
To see this, observe that a curve Y 1 is either a fiber of f or dominating C via f . In the first case, we have
In the second case, note that Y 1 is a Nakayama subvariety of both F 1 and F 2 . Furthermore, we have vol
, and hence, the claim follows. 
By the continuity, we can extend this definition for any pseudoeffective R-divisor D. 
Proof. It is enough to consider the case where D is a Cartier divisor since the R-divisor case follows by the standard argument. Since
• satisfies Condition (C) by [LM, Lemma 2.16] . It follows from Theorem 3.5 that for each k ≥ 1, we have
The first equality implies dim ∆ lim V• (D) = κ ν (D), and the second equality yields the following computation: 
Proof. We will denote κ ν := κ ν (D). If κ ν = n, then there is nothing to prove. Therefore, we assume that 0 ≤ κ ν < n. Fix an ample divisor A on X. By definition, the positive volume
. By taking the limit ε → 0, we obtain for
Then by Theorem 3.20,
Now consider a sufficiently positive divisor A ′ so that ∆ Y• (εA ′ ) contains n-simplex △ ε of length ε:
for all ε > 0. We may also assume that A is sufficiently ample so that A ′′ := A − A ′ is also ample. By the convexity of ∆ Y• (D) (cf. [LM, Proof of Corollary 4 .12]), we have
Thus by considering the Euclidean volumes in R n of the convex hull of ∆ lim
for some constant C > 0 depending only on n and l. Consequently,
However, this is a contradiction to [Le, Theorem 1.1 (2)] since l > κ ν .
Corollary 3.22. Let D be a pseudoeffective divisor on a smooth projective variety X. Fix a positive volume subvariety V ⊆ X of D and consider an admissible flag
Proof. Immediate by Theorem 3.20 and Proposition 3.21.
Remark 3.23. We do not need to assume the generality of Y n = {x} as we did for the valuative Okounkov body in Theorem 3.12. Proof. Let Y • be an admissible flag on X such that Y 1 = E. By the definition of the Okounkov body, it is easy to see that for any ample divisor A and ε > 0,
If we let ε → 0, then we have
By Theorem 2.1, ord E (||D||) > 0 if and only if E ⊆ B − (D). Thus we obtain the desired statement. The set div(∆ lim (D)) is finite by [N, Corollary 1.11] .
We now prove a generalization of Jow's theorem for the limiting Okounkov bodies.
Theorem 3.28. Let D and D ′ be pseudoeffective divisors on X. Then the following are equivalent: 
To prove (1)⇐(2), we use the argument used to prove the big case by Jow in [J] . Let E 1 , · · · , E l be the divisorial components of B − (D) and A an ample divisor on X. For any sufficiently general admissible flag
(by [J, Theorem 3.4 (b) 
(by Lemma 3.29).
As can be seen in the proof of Lemma 3.27, we can read off ord E i (||D||) from the limiting Okounkov bodies ∆ lim
It remains to prove the following lemma which is used in the proof above.
Lemma 3.29 (cf. [J, Corollary 3.3] ). Let Y • be a sufficiently general admissible flag on X.
For a pseudoeffective divisor D on X, let E 1 , E 2 , · · · , E l be the divisorial components of B − (D). Then we have
Proof. Suppose first that D is big. Since Y n−1 is very general, we have D ∈ Big Y n−1 (X). Thus vol
(D) = vol X|Y n−1 (D) and the statement is nothing but [J, Corollary 3.3] . Now let D be a pseudoeffective divisor. Applying the statement for the case of big divisors to vol X|Y n−1 (D + εA), we obtain vol 
In fact, if we consider the admissible flags Y • containing positive volume subvarieties of both D and D ′ in Theorem 3.28, then using Remark 3.30 we only obtain P ≡ P ′ where D = P + N and 
Using the linear series W ′ • instead, we can construct a convex body ∆ Y V• (D| V ) associated to the restricted divisor D| V on V . We can easily verify the following:
The proofs are left to the readers. Let Y • be an admissible flag on X which is general enough so that it contains both a Nakayama subvariety U and a positive volume subvariety V of a pseudoeffective divisor D. Then we have the following inclusions:
This confirms the inclusions vol
which we saw in Subsection 2.3. If D is big, then all the inclusions are equalities. However, we will see in the next section that if D is not big, then they are strict in general.
Examples
In this section, we exhibit various examples and counterexamples related to our results. The following example shows that for some badly chosen flags, Theorems 3.12 and 3.20 do not hold.
Example 4.1. Let π : S → P 2 be a blow-up of P 2 at two distinct points with exceptional divisors E 1 and E 2 and L := π * O P 2 (1). Consider a non-big effective divisor D := L − E 1 + E 2 , and fix an admissible flag
Here we note that E 1 is neither a Nakayama subvariety nor a positive volume subvariety of D.
whose Euclidean volume in the x 1 -axis is 1. However, note that B − (D) = B + (D + εA) = E 2 for an ample divisor A and a small ε > 0. Thus we see that vol X|E 1 (D) = vol
is not in the x 2 -axis as usual. Examples 4.2 and 4.3 show that the inequalities in (#) of Remark 3.32 can be strict. Example 4.3. Let S := P(E) where E is a rank two vector bundle on an elliptic curve C such that it is a nontrivial extension of O C by O C , and H be the tautological divisor of P(E). Then we can easily check that H is nef and κ(H) = 0 but κ ν (H) = 1. Let F be a fiber of the natural ruling π : S → C. Note that any point in S is a Nakayama subvariety of H and F is a positive volume subvariety of H. Thus take an admissible flag
Then we can easily compute the following. Proof. Let D ε := D+εA for some ample divisor A, and D ε t := D ε −tC. Denote by D ε t = P ε t +N ε t the Zariski decomposition. We see that the Zariski decomposition D t = P t + N t is given by P t = lim ε→0+ P ε t and N t = lim ε→0+ N ε t . Since Lastly, we give an example for which the inequalities (#) of Remark 3.32 are equalities.
Example 4.6. Let X be a smooth projective toric variety with a torus T . For definitions and notations for toric varieties, we refer to [F] 
